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Abstract 
We constructed all inequivalent Hadamard matrices with Hall sets of order 28 and classified 
by K-matrices associated with Hadamard matrices except five matrices in our earlier work 
(Kimura, 1988) (see also Kimura, to appear; Kimura and Ohmori, 1987). In this paper we prove 
that Hadamard matrices with the trivial K-matrix are equivalent to the Paley matrix defined by 
the squares in GF (27). By this theorem we get a complete classification of Hadamard matrices 
of order 28 and we have inequivalent Hadamard matrices of order 28. 
1. Introduction 
A Hadamard matrix H of order n is an n x n matrix of l’s and - l’s with HHT = rd. 
It is well known that n is necessarily 1,2 or a multiple of four. We say that two 
matrices M, and M2 of same size are equivalent if there exists a signed permutation 
g of rows and columns of M, with Mgl = M,. Of course a matrix which is equivalent to 
a Hadamard matrix is also a Hadamard matrix. A Hadamard matrix is normalized in 
this paper if its last row and column consist entirely of 1’s. The equivalence classes of 
Hadamard matrices of order 624 have been determined by Hall [l, 21, Ito et al. [4] 
and the author [7]. There are many results about Hadamard matrices of order 28, for 
example, see [S, 6,9,11,12]. In particular there exist exactly 486 inequivalent matrices 
of order 28 with Hall sets and only five matrices in [6] have same K-matrix. For 
definition of K-matrices associated with Hadamard matrices, see [6] or [9]. 
It is well known that the Paley matrix defined by the squares in GF (27) has no Hall 
set and therefore the trivial K-matrix. In this paper we prove that Hadamard matrices 
of order 28 with the trivial K-matrix (that is, with no Hall set) are equivalent to the 
Paley matrix. In this paper we assume all Hadamard matrices have no Hall set. 
2. Properties of H in the case n = 28 (= 8k + 4) 
Let H be a Hadamard matrix of order n = 8k + 4 (k = 3) which is normalized. We say 
that a Hadamard matrix has a Hall set, or is of Hall type if it has a submatrix which is 
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equivalent to the following form: +   + Jz,, Jz, Jz, Ja,   - - Jzh Jzh -Jz,, -J,,, + -  - Jz,, -J,h Jm -Jz,, 
+--+ -Jm Jm Jz,, -Jz,, 
(2.1) 
where JZk is the 2k-dimensional row vector of 1’s. If H is of Hall type, then so 
is HT [9]. 
Submatrix of H consisting of four rows must be equivalent to one of the following 
matrices: 
Jo J, J, Jo 
J, J, -J, -J, 
(2.2) 
J, -J, -J, J, 
where a=2k+ 1, and 
J, Jo Jo Jo Jb Jb Jb Jb 
J, J, -J, -J, Jb J, -Jb -Jb 
J, -J, J, -J, Jb -Jb Jb -Jb 
(2.31 
J, -J, -J, J, -Jb J, J, -Jb 
where 1 <a < 2k and a + 6 = 2k + 1. We say a matrix is of type a if it is equivalent to 
matrix (2.3). It is trivial that a matrix of type a is equivalent to a matrix of type 
2k + 1 -a and a Hall set is of type 1 or 6. Let (i) is a row vector of l’s and - l’s such 
that a number of l’s of (i) equals i. 
Propositions 2.1. H does not have a submatrix of type (2.2) 
Proof. Assume H has a submatrix of type (2.2): 
J, J, Ja Ja 
J, J, -J, -J, 
J, -J, -J, J, 
<r) <s) <t> (a> 
(2.4) 
where (i) is an a-dimensional row vector. If the matrix (2.4) is a submatrix of H, then 
the following equations must be satisfied: 
r+s=r+t=r+u=2k+l, r+s+t+u=4k+2. 
Thus, s= t=u, 2s=2k+ 1, which is a contradiction. 0 
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Remark. Proposition 2.1 is true for k > 3. 
Let the following matrix be a submatrix of H: 
I 
J, J, J, Ja Jb Jb Jb Jb 
J, J, -J, -J, Jb Jb -Jb -Jb 
J, -J, J, -J, Jb -.fb Jb -Jb , 
J, -J, -J, J, -Jb Jb Jb -Jb 
(r) (s) <t> (u> <v> (w> <x> <Y> I (2.5) 
where a=3 or 4, (r), . . . . (u) are a-dimensional, and (v), . . . , (y) are b-dimensional. 
Then the following conditions must be satisfied: 
r+s+v+w=2k+l, 
r+t+v+x=2k+l, 
r+u+w+x=2k+l, (2.6) 
r+s+t+u+u+x+y=4k+2, 
(2.5) has no Hall set. 
Proposition 2.2. H or HT has submatrix of type 2. 
Proof. Assume that H and HT do not have a submatrix of type 2. Then every 
submatrix of (2.5) with four rows is of type 3 or 4 and we have 
r-to=3 or 4, r+w=3 or 4, r+x=3 or 4, r-y=-1 or 0. (2.7) 
Assume u=O or 4. Then [ Jz Jz Jf Jt (u>~] is a submatrix of HT of type 5. Thus 
v #0,4. Similarly 0 <w, x, y < 4. Next assume r = 3. Then from (2.7) v = w = x = 1 and 
y=3. From (2.6) s=t=u=2. Therefore r+s+t+u+v+w+x+y=15. Thus r=l or 
2. On the other hand, since 2nd and 3rd columns of H are orthogonal, there exist the 
cases t =3 and 0. This is a contradiction. Cl 
By Proposition 2.2 we may assume the submatrix of the first four rows of H of the 
normal form is of type 2. Let {I-Z} be an equivalence class containing H each of which 
satisfies this condition. 
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Proposition 2.3. The table below shows the following 27 integral solutions of (2.5) 
satisfying (2.6): 
Solutions 
(l-3) 
(4-6) 
(7-9) 
(10-12) 
(13-15) 
(16-18) 
(19-21) 
(22-24) 
(25-27) 
(0, 0, 0,0,3,3,3,4), (O,O, 0,2,4,2,2,3), (090, 1,1,3,3,2,3) 
(O,O, 2,0,2,4,2,3), (O,O, 2,2,3,3,1,2), (0, l,O, 1,3,2,3,3) 
(0, Al, 0,2,3,3,3), (0, 1,1,2,3,2,2,2), (0, 1,2,1,2,3,2,2) 
(0,2,0,0,2,2,4,3), (0,2,0,2,3,1,3,2), (0,2,1,1,2,2,3,2) 
(0,2,2,0,1,3,3,2), (0,2,2,2,2,2,2,1X (l,O,O, 1>3,2,2,4) 
(1,0,1,0,2,3,2,4), (1,0, 1,2,3,2,1,3), (1,0,2,1,2,3,1,3) 
(1,1,0,0,2,2,3,4) (1,1,0,2,3,1,2,3), (1,1,1,1,2,2,2,3) 
(1,1,2,0,1,3,2,3), (1,1,2,2,2,2,1,2), (1,2,0,1,2,1,3,3) 
(1,2,1,0,1,2,3,3)* (1,2,1,2,2,1,2,2), (1,2,2,1,1,2,2,2) 
(r-Ls,t,u,u,w,x,y) 
We say that a row of H satisfying the above ith solution is of type i. Let Q be the set 
of types of rows, i.e. 52 = { 1, . . . , 27). We consider a subgroup of the permutation group 
on {H] which naturally acts on Q. Next two propositions are easily proved. 
Proposition 2.4. Let C, be a group induced by permutations on the set consisting ofjirst 
four rows of matrices of {H}. Orbits of C, on D are the following jive subsets; 
52, = { 1,5,11,13}, Q, = {2,4,10,14), &={3,6,7,8,9,12} 
(2.8) 
Q2,=(15,16,17,18,19,20,22,23,24,25,26,27} z&=(21}. 
Proposition 2.5. Let Co be a group of order 2 induced by permutations of the$rst and the 
second columns of matrices of {H}. The following seven sets are nontrivial orbits of 
C, on 02: 
{&.i>, where i=1,...,7 and i+j=15. 
Permutations of the first and the third columns of matrices of H induce an action 
of R. This action is not one-one correspondent, but it is very useful for a construction 
of Hadamard matrices. 
Proposition 2.6. The above action on Q is the following: 
1 +23, 2 + 20, 3 -+21, 4-22, 
5-19, 10-19, 11-+22. 12+21, 13-20, 
14-+23, 15-17, 160 18, 24-25, 26~27, 
6 -+7 or 8, 7 +6 or 9, 8 +6 or 9, 
9-+7or 8, 19+10or 5, 20+2or 13, 
21 + 3 or 12, 22 + 4 or 11, 23 + 1 or 14. (2.9) 
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Let R, S, T and U be 24 x 2 submatrices of H, and V, W, X and Y be 24 x 5 
submatrices of H such that 
I 
J2 J2 Jz Jz J5 J, Js J, 
J2 J2 -J2 -J2 J5 J5 -Jg -Js 
H= J2 -J2 J2 -J, J5 -Js J5 -Js (2.10) 
J2 -J, -J2 J2 -Js Js J5 -J, 
RSTUVWXY 
Then 
RT’ =[ ;:: _;::1’. (2.11) 
Let xi be a number of rows (i) of V, where (i) are as in the above of Proposition 2.1. 
By Proposition 2.3 x0 =x5 =O. 
Proposition 2.7. Let (i) be as above. Then x1 + xq = 2. 
Proof. Since V is a submatrix of Hadamard matrix of normal form,. the following 
equations must be satisfied: 
xI+x2+x3+xq=24, xI+2x2+3x3+4xq=55, x2+3x3+6xq=40. (2.12) 
By this we complete a proof of the proposition. 0 
It is trivial that the similar results of Proposition 2.7 for matrices Wand X are true. 
By considering a permutation of the first and the fourth rows of H the similar result of 
Proposition 2.7 for Y is also true. Let ti be the number of rows of H of type i. Then we 
have the following corollary of Proposition 2.7. 
Corollary 2.8. Let ti be as above. Then we obtain 
tz+t13+t22+t25+t27- -2, t4+tll+tZO+t*4+t26=2, 
t5ftlo+tl7+tl8+t23- - 22, tl+tl4+t15+tl6+tlg- -2. 
Considering matrices S, T and U, we have the next proposition. 
Proposition 2.9. The following relations are satisjied: 
tJ=5-tl-t2-t4-t5-tlS-t16-t17-t1*, 
t(j=5-t1-tz-t lo-t11--15--19--2o-t24, 
t,=5-t1-t4--t lo-tl3-~16-t19-t22-t25, 
t1,=5-t 10-tll--13-t14-f24-t2S-t26-t27, 
tg=5-to-t*-- 13-t14-t1s-t22-t23-t27, 
ts=5-t2-t,-t 11-t14-t17-t20-t23-t26. 
(2.13) 
(2.14) 
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From Proposition 2.6 we have the following result. 
Proposition 2.10. Let ti be as above. Then we may assume that 
tzl<min{tJ+t12, t6+t% t7+t8}. 
3. A construction of Hadamard matrices with no Hall set by a computer 
For a row z of H of type i, let r(i) be the cardinafity of the set (1 aja2 izj= l}, 
where zj is ajth entry of z. Similarly define s(i), t(i), u(i), v(i), w(i), x(i) and y(i). When 
we construct Hadamard matrix, at first we must determine the type of rows of H. Let 
ti be as in Section 2. Since z1 = 1, r(i) = 1 or 2. Set r’( i)=r(i)- 1. We write the 
computer program (in Fortran) using the following conditions. 
h~min{t3+tl,, t6+t9, t,+tsj 
CfJ, tic249 
CfJ, tiW(i)=55, 
CfJ,, tir’(i)S(i)= 10, 
Cfz15 tir’(i)V(i)=20, 
Cfz,, tir’(i)y(i)=30, 
CfJ, tit(i)t4(i)=24, 
CfJ, tiS(i)z(i)=60, 
C,‘,‘,, tit(i)w(i)=60, 
Ci”l, tiu(i)v(i)=60, 
C,‘=‘,, tdi)y(i)=60, 
Cfz, tiv(i)y(i)= 150, 
C,“,‘,, tiX(i)y(i)=lSO. 
c;4, ti= 14, xi”=‘, tiV(i)=55, 
CFJ, tiX(i)=55, CfJ, tiy(i)=65, 
C,‘ll, tir’(i)t(i)= 10, Cfz,, tir’(i)u(i)=lO, 
CfJ,, tir’(i)W(i)=20, CfJ,, tir’(i)X(i)=20, 
If:, tiS(i)t(i)=24, Cfz,, tiS(i)u(i)=24, 
CfJ, tiS(i)v(i)=50, C,‘ll, tiS(i)W(i)=50, 
(3.1) 
C,‘,‘l, tiS(i)y(i)=60, C,‘=‘l, tit(i)v(i)=50, 
CfJ, tit(i)X(i)=50, CfJ15 tit(i)y(i)=60, 
xfJ1, tiu(i)W(i)=50, CfJ, tiU(i)X(i)=50, 
CfJ, tiU(i)W(i)=125, C,“ll, tiv(i)X(i)=l25, 
Cfz,, tiw(i)x(i)= 125, CfJ, tiw(i)y(i)= 150, 
Let C={tl, . . . . t2,) be a set of integers satisfying Proposition 2.10 and 
above conditions. Let r be the set of all C. Then the group (S,,S,) of order 48 
acts on r. For our purpose we consider an orbit representatives of (S,,S,). 
By a computer calculation we have an orbit representatives consisting of 13 
solutions. 
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Proposition 3.1. A set of 24 rows of H is one of the following 13 cases: 
Cases {tI, . . . , t2,} 
1 (20100 11330 03000 02000 42020 
2 (20100 11330 03000 01101 41011 
3 (10200 22220 02010 02000 42020 
4 (10200 22220 02010 01101 41011 
5 (11100 12230 03000 11000 41120 
6 (11100 12230 03000 10101 40111 
7 (10200 21320 02 100 11000 41120 
8 (10200 21320 02100 10101 40111 
9 (10200 12320 03001 01000 32120 
10 (10200 12220 03001 00101 31111 
11 (10100 13420 02001 01100 31020 
12 {00200 23320 02002 00100 21111 
13 (00200 32230 02001 11000 21111 
If the set of rows of H satisfy the conditions of the case i in Proposition 3.1, we say 
H is of type i in this paper. Remark that an equivalent matrix of H may have 
a different type. In fact, we have the following proposition which is proved by using 
the action on 52 in Proposition 2.6. 
Proposition 3.2. If H is of type 5 or 7. Then H is equivalent to a matrix of type 2 
or 4. 
Proof. Rows of type 24 transform to rows of type 1 or 14 under the action of s2 in 
Proposition 2.6 and Sq. Thus H is equivalent to a matrix which satisfies the following 
conditions: (1) a number of rows of type 21 equals four, (2) a number of rows of type 
1 or 14 equals two, (3) number of rows of type i (2 15, 221) are 0 or 1. By (S,, S,) this 
matrix can be transformed to a matrix of type 2 or 4. 0 
By Proposition 3.2 H is not of type 5 or 7. The following proposition can be easily 
checked. 
Proposition 3.3. Let Gi be a subgroup of (S,, SO) which fixes the case i in Proposition 
3.1. Then 
G,=(g,h Gz=(g1,gzh G3=(gl,g.s), 
6=<gi>gz>ge), Gi=h), Ga=<g,), (3.3) 
Gg=Glo=G11=1, Gu=<gz,gs), G13=<gsrg6)r 
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where 
g~=(2,10,4)(3,6,7)(5,11,13)(8,12,9)(15,19,16)(17,24,22)(18,20, 25)(23,26,27), 
gz =(3,6)(4,10)(5,11)(9,12)(16,19)(17,20)(18,24)(22,25)(23,26), 
g~=(lr2)(4,5)(7,8)(10,11)(13,14)(15,27)(16,25)(17,26)(18,24)(19,22)(20.23) 
94 =$;;)((, 14)(3,12)(4,10)(5,11)(6,9)(15,27)(16,25)(17,26)(18,24)(19,22) 
3 
g~=(1,3,11,5)(2,4,10,14)(3,7,12,8)(6,9)(15,22,24,23)(16,25,26, 17) 
(18,19,27,20) 
g6=u, w, w, 1% w(5, 10)(6,9)(7,8). 
Let fi be submatrix consisting of first two columns of H. Then R is a submatrix of k 
Similarly we define 3, ?, fi, ?, I?, ?? and Y. We say a column h=(hr, . . . . h28)T and 
submatrix M or H with m columns are orthogonal if h is not column of M and the 
condition 1;: 1 hjwti = 6m, where h: =( hi + 1)/2 and wti is a number of l’s of the ith 
row of M. By a computer (Sun 4 machine) we determine the submatrices S, T, U, V, W, 
X and Y of H under the following order: 
(1) Determine S. Columns of S are orthogonal to each other, and f, L?,$, I$‘,2 
and i? 
(2) Determine T, and so on. For example, when we determine W, the following 
conditions must be satisfied: 
A column of I@ is orthogonal to a column of [R^,S, f, 0, c], 2 and Y. Of course 
two different columns of I@ are orthogonal. In the case of type 1, for instance, types of 
5th, . . . , 28th rows of H are 
22,22,17,17,21,21,21,21,24,24,1,1,3,6,7,8,8,8,9,9,9,12,12,12 
respectively. We may assume [S, T, U] equivalent to one of 12 cases by a computa- 
tion. Moreover 16 matrices can be constructed and every Hadamard matrix with no 
Hall set is equivalent to one of them. Let {H)’ be the equivalent class of H consisting 
matrices of type 1 having the above types of rows. Let G be a subgroup of permutation 
group on {H}’ induced by permutations of rows (5,6), (7,8), (13,14) and (15,16). By 
G these 16 matrices are equivalent to the matrix in (3.2). In the other case, there exists 
no Hadamard matrix with no Hall set. 
Remark. For every case we may construct Hadamard matrices with Hall set. 
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The matrix shown in Fig. 1 is of type 1 and is a Paley matrix. 
11 11 11 11 11111 11111 11111 11111 
11 11 00 00 11111 11111 00000 00000 
11 00 11 00 11111 00000 11111 00000 
11 00 00 11 00000 11111 11111 00000 
11 10 11 00 00001 00111 00011 00111 
11 10 11 00 00010 11001 01100 11001 
11 00 01 11 00111 01010 10000 01011 
11 00 01 11 11001 10100 00100 10101 
11 01 01 01 01100 01001 01001 10110 
11 01 10 01 00110 00110 00110 11100 
11 01 10 10 10001 11000 01010 01110 
11 10 10 01 11000 10010 10001 11010 
11 11 00 10 00111 01010 10000 01011 
11 11 00 10 11001 10100 00100 10101 
10 00 00 00 01101 10011 11010 11101 
10 00 00 00 10011 01101 10101 11110 
10 00 10 10 01110 11100 00011 10011 
10 10 00 01 11010 01010 01110 00111 
10 01 01 00 10100 10110 01101 01011 
10 01 10 11 10011 00011 01001 10001 
10 10 01 11 10110 10001 00011 01100 
10 10 10 11 01101 00101 01100 01010 
10 01 11 01 11000 01101 10010 01001 
10 01 11 10 01010 10011 10100 00110 
10 10 11 10 10100 01110 11000 10100 
10 11 01 01 00011 10100 11010 10010 
10 11 01 10 01001 01010 00111 11000 
10 11 10 01 00101 11000 10101 00101 
Fig. 1. 
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